Let G be a locally compact group and µ a probability measure on G, which is not assumed to be absolutely continuous with respect to Haar measure. Given a unitary representation (π, H) of G, we study spectral properties of the operator π(µ) acting on H. Assume that µ is adapted and that the trivial representation 1 G is not weakly contained in the tensor product π ⊗ π. We show that π(µ) has a spectral gap, that is, for the spectral radius r spec (π(µ)) of π(µ), we have r spec (π(µ)) < 1. This provides a common generalization of several previously known results. Another consequence is that, if G has Kazhdan's Property (T), then r spec (π(µ)) < 1 for every unitary representation π of G without finite dimensional subrepresentations. Moreover, we give new examples of so-called identity excluding groups.
Introduction
Let G be a locally compact group and µ a probability measure defined on the Borel subsets of G. We will always assume that µ is adapted; by this, we mean that the subgroup generated by the support supp(µ) of µ is dense in G. We will also consider the stronger condition that supp(µ) is not contained in the coset of a proper closed subgroup of G. In this case, we say that µ is strongly adapted.
Let (π, H) be a unitary representation of G, that is, a strongly continuous homomorphism π from G to the unitary group of a Hilbert space H. A bounded operator π(µ) on H is defined by
Let r spec (π(µ)) be the spectral radius of π(µ). We have r spec (π(µ)) 1, since π(µ) is a contraction.
The main result of this paper is the following theorem. Recall that the (inner) tensor product π ⊗ π is the representation acting on the Hilbert space H ⊗ H by
As is well known and easy to see, π ⊗ π has a nonzero invariant vector if and only if π contains a nonzero finite-dimensional subrepresentation.
Recall also that a unitary representation (π, H) of G almost has invariant vectors if, for every compact subset K of G and every ε > 0, there exists a unit vector ξ ∈ H such that
Observe that π almost has invariant vectors if and only if the trivial one-dimensional representation 1 G is weakly contained in π, in the sense of [1]. THEOREM 1. Let G be a locally compact group and µ an adapted probability measure on G . Let (π, H) be a unitary representation of G. Assume that the following condition ( * ) is satified: π ⊗ π does not almost have invariant vectors.
( * )
Then r spec (π(µ)) < 1. If µ is strongly adapted, then π(µ) < 1.
Remark 2. (i) Observe that we do not assume that µ is absolutely continuous with respect to a Haar measure on G. Indeed, in this case, the result is wellknown and easy to prove. In fact, a stronger result is true: if µ is absolutely continuous, and strongly adapted and if, instead of Condition ( * ), we assume that π does not almost have invariant vectors, then π(µ) < 1 (see [2, Proposition 4.1] or [3, Appendix G.4]).
(ii) In general, we cannot replace Condition ( * ) by the weaker condition that π does not almost have invariant vectors. For a simple counterexample, take G = S 1 the circle group, π = χ a non-trivial character of G, and µ = δ z the Dirac measure at a point z generating a dense subgroup of S 1 . In this case, r spec (π(µ)) = 1.
(iii) In view of (ii), one can ask, whether we have r spec (π(µ)) < 1, if π does not almost have invariant vectors and if we assume moreover that µ is strongly adapted. The answer is still negative as the following example shows. Let G = S 1 and let π be the restriction of the regular representation of S 1 to the subspace L 2 0 (S 1 ) of all functions in L 2 (S 1 ) which are orthogonal to the constants. Let µ be any probability measure on S 1 with finite support. Then there exists a sequence (n k ) k in Z \ {0} such that lim k z n k = 1 for all z ∈ supp(µ). This implies that 1 is a spectral value of π(µ).
(iv) Condition ( * ) in the theorem above was studied by the first author in [4]. More specifically, a unitary representation π is amenable in the sense of this paper
